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Abstract—Contact modeling is essential for robotic grasping
and manipulation. The relation between friction and relative
body motion is fundamental for controlled pushing. An accurate
friction model is indispensable for grasp analysis as the stability
heavily relies on friction. To increase the grasp stability, soft
fingers are widely deployed for manipulation tasks as they adapt
to the object geometry, where the deformability results in a non-
planar contact area. The friction of such non-planar surfaces is
in six dimensions and its model is yet not well-defined.
To address this issue, we derive the friction computation for
curved surfaces by combining concepts of differential geometry
and Coulomb’s friction law. We further generalize two well-
known limit surface models from three to six dimensions, which
describe the friction-motion constraints for a single contact. To
analyze multi-contact for grasping, we build the grasp wrench
space by merging the normal wrench and the fitted limit surfaces
of each contact. The performance of the two limit surface models
is evaluated with six parametric surfaces and 2473 meshed
contacts obtained from simulations using the finite element
method. Results indicate that the proposed models yield 1.81%
fitting error of the 6D friction wrench samples. We demonstrate
the applicability of the proposed models to predict grasp success
for a parallel-jaw gripper. Robotic experiments suggest that a
prediction accuracy of up to 92.6% can be achieved with the
presented frictional contact modeling.
Index Terms—Contact modeling, Friction, Soft robotics,
Grasping, Manipulation
I. INTRODUCTION
FRICTION modeling is fundamental for robotic grasping[1]–[3] and planar pushing [4]. The analysis of frictional
force and torque is a foundation of grasp stability assess-
ment [5], [6] and the design of quality metrics [7]. The
relation between friction and relative motion is modeled in
[8] and deployed for pushing control in [9], [10]. In addition
to model-based approaches, friction analysis is embedded in
learning-based methods for grasp detection [11] and stability
prediction [12].
There are mainly two types of frictional contact: a point con-
tact and a surface contact. A point contact typically happens
when manipulating with rigid fingers, where possible normal
and tangential forces of the contact are modeled with a friction
cone to analyze grasps [1] and contact kinematics [13]. When
grasping with deformable fingers [14] or rigid fingers with a
special fingertip design [15], the contact area is not negligible
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Figure 1. An object is grasped with our plastic soft finger, where the design
is adapted from the Festo Fin-Ray® finger. The deformablity of the fingers
leads to a non-planar contact area.
since it allows the transmission of an additional torque. Such
contact is typically modeled with the assumption of a planar
contact area. The possible frictional force and torque pair of
planar contacts is three-dimensional (3D), which is normally
combined into a single vector defined as the friction wrench.
To model a planar area contact, the contact profile is first
obtained from a simulation using the finite element method
(FEM) in [16] or computed based on the elastic contact theory
in [17], [18]. Possible friction wrenches are then computed,
whose boundary can be described with a so-called limit
surface (LS) [8]. A 3D ellipsoid [19] or a convex fourth-order
polynomial [10] is commonly chosen to approximate the LS
of a single contact. For multi-contact analysis, the possible
wrenches are computed by merging the wrench impressed by
the normal force and the friction wrenches of each contact into
a single space, where the friction wrenches can be modeled
with an approximated limit surface. This space is defined as
the grasp wrench space (GWS), which indicates the possible
external wrenches that a grasp can balance and is, therefore,
widely used to infer the grasp stability and the quality of
a grasp. In addition, the GWS models the relation between
applied wrenches and the relative object motion, and hence
can be applied for planar pushing [20].
To our knowledge, the state-of-the-art contact analysis and
limit surface models are based on the assumption of a planar
contact area, which is not always valid for surface contacts.
Fig. 1 illustrates an example of a non-planar contact area
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2caused by the deformation of the gripper jaws. The friction
wrench of a non-planar surface contact is in six dimensions.
Directly applying an existing 3D friction model leads to an
overestimation of the friction in the 3D sub-space [21] and
over-constrained results in the remaining three dimensions
since the frictional wrenches are assumed to be zero.
To address this issue, we model the 6D friction wrench
for a curved surface contact by combining concepts from
differential geometry and Coulomb’s friction law. The surface
can have a parametric or a meshed-based form, such as a
discretized parametric surface or a contact profile obtained
by an FEM simulation. We further generalize the two limit
surface models to six dimensions to describe the friction-
motion constraints. The parameters of the two models are
determined by fitting wrench and twist samples with convex
optimization. The generalized LS models are suitable for both
object pushing and grasping, but the evaluation in this work
focuses on applications in grasping. We build the grasp wrench
space based on the linearly approximated LS models for multi-
contact analysis. The performance of the two LS models is
evaluated with the contact profiles obtained from synthetic
parametric surfaces as well as from FEM simulations with
24 deformable objects and two types of soft finger. Robotic
experiments demonstrate the performance of both models
and the GWS by means of the prediction accuracy of grasp
stability.
Our contribution can be summarized as follows:
1. We derive the six-dimensional friction wrench computa-
tion for soft-finger contacts of non-planar surfaces.
2. Two well-known limit surface models are generalized
from three to six dimensions, which are suitable for both
planar and curved contact surfaces.
3. We build the grasp wrench space based on the generalized
limit surface models for multi-contact analysis.
4. We provide open source code for the complete pipeline
including contact generation, friction computation, limit
surface fitting with both models, and multi-contact anal-
ysis. The contact profiles consist of synthetic parametric
surfaces and mesh-based profiles obtained from FEM
simulations with a commercial software (ANSYS®). The
object models are described with non-uniform rational
B-Splines (NURBS) for smooth surface generation. The
dataset of the NURBS-based objects and the FEM simu-
lation results are available as well. 1
II. RELATED WORK
Friction is central for the stability of robotic grasps. We
summarize the related work for analysis of isotropic frictional
contact and its application in grasping and manipulation. There
are mainly two types of frictional contact between robotic
fingers and a grasped object [2], [3], [22]: point contact and
surface contact.
1) Point contact: A point contact usually occurs between
rigid bodies. Based on Coulomb’s friction law, the possible
frictional forces are bounded by a circle that is tangential to
1Our open source code and dataset are available at: https://github.com/
martinajingyixu/non-planar-surface-contact.
the normal force. A friction cone is then built by combining
the normal force with the circle. When multiple point contacts
are involved, the friction cone of each contact is typically
approximated with a convex polyhedral cone [1] or an ellipsoid
[23], such that they can be efficiently formulated into a convex
optimization problem for multi-fingered grasp analysis [24] or
grasp detection [25].
2) Surface contact: The point contact model is no longer
the best fit when grasping with deformable fingers as the
contact typically has a planar surface. A limit surface is
used to formulate the friction constraints of such planar
surface contacts [8], which is computed based on the con-
tact surface and the pressure distribution. Three-dimensional
ellipsoids [19], [26] and convex fourth-oder polynomials [10]
are widely used to approximate the limit surface. We pay
special attention to the work that applied limit surfaces to
soft-finger contacts. Xydas and Kao [27] proposed a power-
law equation for anthropomorphic soft-finger modeling. The
LS is calculated by numerical integration, which validates the
elliptical approximation. Ciocarlie et al. [16] simulated the
contact between soft fingers and a cube with the finite element
method. The obtained contact profile is used to construct an
ellipsoidal LS. The work is extended in [17] where the local
geometry of two contact bodies are computed based on the
elastic contact theory [28], such that the grasp score can be
computed in real-time. The contact area is assumed to be
elliptical, while the pressure distribution is determined with
the Hertzian model and the Winkler elastic foundation. Tsuji
et al. [18] generalized the elliptical contact area approximation
to quadric surfaces. The pressure distribution of each surface
is computed with a quadratic approximation based on the
Winkler elastic foundation. Harada et al. [29] analyzed the
contact for a two-fingered gripper that is attached with a
flexible sheet. The finger and the grasped object are clustered
with polygon models, where the contact area is determined
based on the overlap of the two clusters. Similar to [18], the
pressure distribution is computed based on the Winkler elastic
foundation.
3) Applications of the friction models: The friction cone
and the limit surface models are typically used as friction
constraints to model contacts. The constraints are obtained
by linearly approximating the models to build the 6D grasp
wrench space, which describes possible wrenches that a grasp
can act on an object. If the GWS positively spans R6, the
grasp is defined as force-closure. This property indicates that
any external disturbances can be countered with the grasp
configuration, where the magnitude of the normal force can
be arbitrarily large [30]. To measure the quality of a grasp
quantitatively, Ferrari and Canny [1] proposed a so-called unit
grasp wrench space, where the magnitude of the normal force
is 1. The quality of a grasp is measured with the volume or
the shortest distance between the origin and the facets of the
GWS, which represents the weakest point of the grasp. Harada
et al. [29] determined the grasp stability by examining if the
gravity of the object lies within the GWS.
Modeling frictional contact has great importance in robotic
grasping and manipulation. Yet, the six-dimensional friction
constraints for a non-planar contact surface are not fully
3explored. In our previous work [21], we examined a three-
dimensional sub-space of the friction constraints for a non-
planar contact area. The 3D ellipsoidal and the convex fourth-
oder polynomial limit surface models are fitted to the wrench
data, which is computed from discrete surfaces. In this work,
we derive the friction computation for parametric surfaces
based on differential geometry and explore the full space of
the friction constraints. We further generalize the two limit
surface models to six dimensions. Both simulation and robotic
experiments demonstrate that the proposed friction models
successfully describe the contacts with planar and curved
surfaces.
III. THEORETICAL BACKGROUND
A. Instantaneous motion
The direction of the frictional force depends on the relative
motion between two bodies. Here, we briefly describe the
instantaneous motion in the two- and the three-dimensional
space.
In two dimensions, the instantaneous motion of a body can
be described as a rotation around a point, which is defined as
the center of rotation (COR). A translational motion can be
considered as a rotation around a COR that is infinitely far
way.
The three-dimensional generalization of the concept of COR
is the body twist of screw theory. The instantaneous velocity of
a body consists of a rotation about an axis and a translational
velocity parallel to the same axis. This axis is defined as the
instantaneous axis of rotation (IAR). Consider a point o with
location ro on the instantaneous axis of rotation ω and a point
p with location rp outside of the IAR. The velocity at point
p is:
vp = vo + (rp − ro)× ω,
vo = h • ω,
(1)
where vo is the velocity parallel to the IAR and h is defined
as the scalar pitch. The six-dimensional body twist tp at point
p is defined as:
tp =
(
vp
ω
)
. (2)
B. Friction computation for a planar surface contact
We revisit the friction computation for a planar contact
surface based on the concepts of [19]. The idea is to compute
the frictional force of an infinitesimal element by assuming a
known center of rotation. The friction of the contact area is
computed by summing up the contribution of each element. By
sampling different locations of the COR, we obtain possible
frictional force and torque pairs.
Fig. 2 shows a planar contact area A. A rectilinear coor-
dinate system is assumed to be fixed in the 2D plane, where
its origin is located at the friction-weighted pressure center
O = [Ox,Oy]T :
Ox =
∫
A
x • µ(x, y) • P(x, y)dA∫
A
µ(x, y) • P(x, y)dA ,
Oy =
∫
A
y • µ(x, y) • P(x, y)dA∫
A
µ(x, y) • P(x, y)dA ,
(3)
Figure 2. Friction computation for a planar surface A. The velocity v(x, y)
of an infinitesimal element I(x, y) is computed by assuming a known instan-
taneous center of rotation (COR). The frictional force f(x, y) is opposite to
the v(x, y).
where µ(x, y) is the coefficient of friction and is assumed to
be a constant across the contact area. P(x, y) is the pressure
at (x, y).
An example COR position is illustrated in Fig. 2. The veloc-
ity v(x, y) of an infinitesimal element I(x, y) is perpendicular
to the vector d(x, y), which is the one from the COR to the
center of I(x, y). The frictional force f(x, y) of I(x, y) is
opposite to v(x, y) and is computed by:
f(x, y) = −µ • P(x, y) • v(x, y)‖v(x, y)‖dA. (4)
Finally, the friction wrench w of the contact area A is
determined by combining the frictional force and torque into
a single vector:
w = [fx, fy, τz]
T ,where
f =
(
fx
fy
)
=
∫
A
f(x, y)dA,
τ = τz =
∫
A
l(x, y)× f(x, y),
(5)
where l(x, y) is the torque arm of I(x, y). Goyal et at. [8]
showed that τz reaches the maximum when the COR is located
at O for a circular symmetric contact since the torque arm
of each element is perpendicular to the frictional force. The
maximum of fx can be obtained when the COR is infinitely
far away along the y-axis.
C. The limit surface of a planar surface
The maximal friction wrench of a contact is essential for
contact modeling. Goyal et al. [8] proposed a so-called limit
surface, which describes 1) the coupling of maximal frictional
force and torque and 2) the relation between the friction
wrench w and the relative body twist t. The first property
states that possible friction wrenches of a contact are restricted
to be inside of the limit surface. There is no relative motion,
if the external disturbance wrench is inside of the LS since
it can be countered by the friction. This property is widely
used for stability assessment, grasp detection, minimal grasp
4force computation for a manipulation task, etc. The second
property is that for a w to be on the LS, its corresponding t is
perpendicular to the limit surface at w, if the surface normal
at this point is well-defined. This property is based on the
assumption of the principle of maximal dissipation [31], which
states that the frictional forces are adjusted to cause maximum
dissipation with a given sliding velocity. The second property
of the LS can be applied for planar pushing tasks since the
relative motion can be predicted with a given w.
For a planar contact area, three-dimensional ellipsoids [19]
and fourth-order polynomials [10] are often used to model the
LS. In this work, we generalize both models to six dimensions
to describe the friction wrench and body twist for a surface in
three dimensions.
IV. FRICTION COMPUTATION FOR A NON-PLANAR
SURFACE
We start with assumptions and notations that are used in
this work to derive the friction computation for a non-planar
parametric surface.
A. Assumptions and notations
The assumptions are summarized as follows:
• The contact is quasi-static.
• The object is not caged.
• The change of the contact surface and the pressure
distribution that is caused by the friction is neglected.
The normal pressure and tangential friction is typically
treated separately since the influence of the tangential
friction upon the normal pressure is small [28].
A summary of notations for parametric surfaces (adapted
from [32]) and for friction and body motion is listed as
follows:
• σ(u, v) = [σ(u, v)x, σ(u, v)y, σ(u, v)z]T , (u, v) ∈ R2:
the parametrization of the surface S.
• σu,v: the first-order derivative of σ with respect to u, v,
respectively.
• p: a point on the surface S with the parametric form
σ(up, vp), where p ∈ S.
• TpS: the tangent plane of a surface S at a point p ∈ S.
• np: the surface normal at point p.
• O: the origin of the contact.
• ω: the instantaneous axis of rotation (IAR).
• vp: the linear velocity at point p.
• v˜p: the relative linear velocity at point p, which lies in
the tangent plane TpS.
• t: the six-dimensional instantaneous body twist.
• P(up, vp): the pressure at the point p.
• µ(up, vp) : the coefficient of friction at the point p.
• f = [fx, fy, fz]T : the frictional force.
• τ = [τx, τy, τz]T : the frictional torque
• w = [fx, fy, fz, τx, τy, τz]T : the friction wrench.
Figure 3. Friction computation for a parametric surface S. Assuming a known
instantaneous axis of rotation (IAR), we compute the velocity vp at a point p
and the relative velocity v˜p by projecting vp onto the tangential plane TpS.
The frictional force fp at p is parallel to v˜p.
Adapted by [19], the integral of a three-dimensional vec-
tor function is defined as three individual integrals of each
component:
V =
VxVy
Vz
 = ∫ v dt =

∫
vx dt∫
vy dt∫
vz dt
 , with v =
vxvy
vz
 .
B. Friction computation for a parametric surface
In this section, we describe the friction computation for a
non-planar contact surface with a known parametric form, a
pressure distribution, and a coefficient of friction. We use the
Coulomb’s friction model, which specifies that the direction of
the frictional force is opposed to the relative velocity. Similar
to the planar area contacts, the friction wrench of a non-planar
surface contact is computed by assuming a known relative
velocity at each point, then integrating the friction contribution
of each point on the surface. By sampling different relative
velocities, we can compute possible friction wrenches of a
contact.
However, the relative velocity is nontrivial to sample. It
depends on the instantaneous body motion and the geometry of
the contact surface since the velocity at a point on the surface
should be tangential to this point. Therefore, we assume a
known instantaneous twist of a contact body and compute the
relative velocity at each point on the contact surface. Possible
relative velocities are obtained by sampling the body twist.
Here, we derive the computation of the relative velocity and
the friction wrench given a body twist as depicted in Fig. 3.
We start with the parametrization of a body twist. The twist
consists of a velocity (v⊥) perpendicular to an instantaneous
axis of rotation ω and a linear velocity (v‖) parallel to the
same ω. The IAR is parametrized as a line with direction m,
which goes through a point o located at ro:
ω = ro +m • t, with ‖m‖ = 1. (6)
The velocity of each point on the surface is computed given
the ω. Denote σ(u, v) as the parametric form of a surface S,
5where σ(up, vp) terms the parametric form of a point p ∈ S.
The velocity at p is computed based on Equation (1):
vp = vp‖ + vp⊥ ,
= h •m+ (σ(up, vp)− ro)×m.
(7)
The relative velocity v˜p at point p is computed by projecting
the velocity vp onto the tangent plane TpS at p:
v˜p = vp − vp
• np
‖np‖2
• np, with
np =
σu × σv
‖σu × σv‖ ,
(8)
where np is the normal of TpS. σu and σv denote the first-
order derivative of σ with respect to u and v.
The friction wrench of p can now be determined based on
v˜p. Similar to [8], [19], the pressure-weighted friction center
is selected as the origin O of the surface S:
O =
OxOy
Oz
 = ∫S σ(u, v) • µ(p, v) • P(u, v) dA∫
S µ(u, v) • P(u, v) dA
, (9)
where:
dA = ‖σu × σv‖ dudv. (10)
The frictional force fp and the frictional torque τ p at point
p are computed by:
fp = −µ(up, vp) • P(up, vp) •
v˜p
‖v˜p‖ dA,
τ p = lp × fp, where
lp = σ(up, vp)−O.
(11)
By integrating the frictional contribution at each point, the
friction wrench of S for a given body twist can be determined
with:
w =
(
f
τ
)
, with
f =
∫
S
fp dA =
∫ vmax
vmin
∫ umax
umin
fp ‖σu × σv‖dudv,
τ =
∫
S
τ p dA =
∫ vmax
vmin
∫ umax
umin
τ p ‖σu × σv‖ dudv.
(12)
Similar to a contact of a two-dimensional surface, we
analyze the extrema of the friction wrench by considering
various IARs. Note that different IARs might lead to an iden-
tical friction wrench due to the surface geometry constraints.
Typically, fx reaches the maximum when the IAR is parallel
to the y-axis and infinitely far away along the z-axis or when
it is parallel to the z-axis and far away along the y-axis. τx
is maximal when the IAR is parallel to the x-axis and goes
through O since the torque arm is then most perpendicular to
the frictional force at each point.
C. Friction computation for a discrete surface
The parametric form of a surface is not always available,
e.g. when the contact is obtained from an FEM simulation.
We focus on the friction computation for a discrete surface
with triangular elements in the following. This can be easily
extended to other element types.
Consider a small element ei with vertex coordinates
pi{1,2,3} . Given an ω that is parametrized as in Equation (6),
the relative velocity v˜ei at the element center pic is computed
by:
vei = h •m+ (pic − ro)×m,
v˜ei = vei −
vei • nei
‖nei‖2
• nei , where
nei = (pi2 − pi1)× (pi3 − pi1), with
pic =
1
3
3∑
j=1
pij .
(13)
For a surface that consists of N elements with a known
coefficient of friction µ(i) and pressure P(i) for each element
ei, the pressure-weighted friction center O of the surface is:
O =
OxOy
Oz
 = ∑Ni=1 pic • µ(i) • P(i) •Ai∑N
i=1 µ(i) • P(i) •Ai
, (14)
where the area Ai of the triangular element is computed based
on Heron’s formula:
Ai =
√
si(si − ai)(si − bi)(si − ci), where
si =
1
2
(ai + bi + ci), with
ai =
∥∥pi1 − pi2∥∥ ,
bi =
∥∥pi2 − pi3∥∥ ,
ci =
∥∥pi3 − pi1∥∥ .
(15)
Finally, the friction wrench w can be determined with:
w =
N∑
i=1
(
f i
τ i
)
, where
f i = −µ(i) • P(i) •
v˜i
‖v˜i‖
•Ai,
τ i = (pic −O)× f i.
(16)
It is noticeable that the computation for a discrete surface
in Equation (16) is much more efficient than for a para-
metric surface as described in Equation (12) and is hence
more suitable for on-line tasks. The analysis of the surface
discretization effect and the run time comparison are shown
in Section VIII-A1.
V. LIMIT SURFACE MODELS IN SIX DIMENSIONS
Frictional force and torque of a contact depend on the
relative motion between two bodies. Possible force and torque
pairs and the corresponding relative motions can be described
with a limit surface [8]. There are two limit surface models
that are widely used for pushing and manipulation tasks: an
ellipsoidal model [19] and a convex fourth-order polynomial
model [10]. The two models are, however, in three dimensions
6since they are considered for planar contact surfaces. Their six-
dimensional generalization is introduced to model the friction
wrench and twist for non-planar surfaces.
We consider the problem of fitting N wrench and twist
samples w, t ∈ R6 to a quadratic polynomial f1 (referred to
as the ellipsoidal model) and a convex fourth-order polynomial
f2 (referred to as the quartic polynomial model). Under the
assumption of the principle of maximal dissipation, each
friction wrench sample should be ideally on the surface of the
fitted polynomial, while its corresponding twist sample should
be normal to the surface at this point. This property suggests
that given a friction wrench w acting on a body, the relative
body twist t can be predicted with the surface normal at w. The
LS is applicable for both grasping and pushing. The dynamic
friction and the sliding motion can be modeled with the LS
in controlled pushing [10], [19], while for grasping [21], the
LS describes the maximal static friction and the relative body
twist when the object is about to slip.
A. Fitting a six-dimensional ellipsoidal model
An arbitrarily oriented m-dimensional ellipsoid with its
center c ∈ Rm can be formulated as [33]:
f1(x,A) = (x− c)TA(x− c), (17)
where x ∈ Rm represents the data to be fitted. A ∈ Rm×m is
a symmetric positive-semidefinite matrix. The eigenvalues of
A are the reciprocals of the squares of the m semi-axis.
In our case, m = 6, with a center c = [0, 0, 0, 0, 0, 0]T . The
polynomial f is then simplified to:
f1(x,A) = x
TAx,
∇f1(x,A) = (A+AT )x = 2 •Ax.
(18)
The normalized predicted twist tpred(wi) at the i-th wench
sample wi is the surface normal at wi and is computed by:
tpred(wi) =
∇f1(wi,A)
‖∇f1(wi,A)‖ =
Awi
‖Awi‖ .
We set a convex optimization problem to fit N wrench and
twist samples with the polynomial f1:
minimize
A
‖A‖F +
N∑
i=1
(w1 • εwi + w2 • εti)
subject to ‖f1(wi,A)− 1‖ ≤ εwi ,∀i ∈ {1 . . . N},
‖∇f1(wi,A)− siti‖ ≤ εti , with si > 0,
A  0.
The Frobenius norm ‖•‖F of a matrix A ∈ Rm×n is equal
to:
‖A‖F =
√√√√ m∑
i=1
n∑
j=1
|aij |2.
The term ‖A‖F in the objective function is added to regularize
the parameters. εwi and εti are the fitting error of the i-th sam-
ple wi and ti, respectively. w1 and w2 are the corresponding
weights of the error εwi and εti . The weights can be adjusted
according to e.g. the reliability of the data.
The predicted twist is not normalized in the problem for-
mulation, because the operation of normalization might lead
to a non-convex optimization problem. Therefore, each twist
sample ti is multiplied by a scaling variable si, i = 1, . . . , N
such that the magnitude of the twist does not affect the twist
error.
B. Fitting a six-dimensional quartic polynomial model
Limit surfaces are convex for contacts with isotropic fric-
tion [8]. Zhou et al. [10] proposed a convex quartic polynomial
model for planar pushing. Its generalization from three to six
dimensions is describe in the following.
A 6D quartic polynomial f2 with K monomials can be
formulated as:
f2(x,A) =
K∑
k=1
akx
d1
1 x
d2
2 x
d3
3 x
d4
4 x
d5
5 x
d6
6 , where
6∑
j=1
dj = 4, with dj ∈ N0 = N ∪ {0},
A = [a1, . . . , aK ]
T .
(19)
The maximal number of monomials K of a m-
dimensional polynomial with degree d is computed by
K =
(
d+m− 1
m− 1
)
= 126 for a 6D quartic polynomial.
Zhou et al. [10] showed that it is essential to enforce
the convexity of a quartic polynomial model when fitting
the wrench/twist samples. The convexity of a polynomial is,
however, NP-hard to determine when d > 2 and K > 1. A
relaxation is proposed in [34] by enforcing the convexity of
f2 only on a region by using the concept of sum-of-squares
(SOS).
We introduce the relaxed convexity constraints for a six-
dimensional quartic polynomial. A polynomial f2(x,A) is
defined as sum-of-square convex, if there exists a positive-
semidefinite matrix Q ∈ R36×36, such that
zT∇2f2(x,A)z = y(x, z)TQy(x, z), where
z =

z1
z2
z3
z4
z5
z6

, and y(x, z) =

x1 • z
x2 • z
x3 • z
x4 • z
x5 • z
x6 • z

∈ R36. (20)
Equation (20) can be reformulated as L sparse linear con-
straints of A and the vectorization of Q:
V1vec(Q) = V2A, (21)
where V1 ∈ NL×12960 and V2 ∈ NL×1260 are constant sparse
matrices. For a 6D quartic polynomial L = 441.
7To fit N wrench and twist samples with f2(x,A), we set
the optimization problem as:
minimize
A
‖A‖+
N∑
i=1
(w1 • εwi + w2 • εti)
subject to ‖f2(wi,A)− 1‖ ≤ εwi ,∀i ∈ {1 . . . N},
‖∇f2(wi,A)− siti‖ ≤ εti , with si > 0,
V1vec(Q) = V2A,
Q  0.
The fitting error of N wrench and twist samples w, t for
both models f1, f2 are computed by:
εw =
1
N
N∑
i=1
εwi ,
εt =
1
N
N∑
i=1
(
arccos(
Awi
‖Awi‖
•
ti
‖ti‖
)
,
(22)
where εw indicates the mean distance that the wrench data
deviated from the fitted surface and εt measures the mean
angle between the predicted and fitted twist samples.
VI. MULTI-CONTACT ANALYSIS
The presented limit surface models describe a single surface
contact. Multiple contacts may occur when manipulating an
object. We now focus on modeling a multi-fingered contact
by building the grasp wrench space based on the LS models.
The GWS is built by merging the wrenches of each contact
into a single space, including the friction wrenches and the
wrench impressed by the normal force, defined as the normal
wrench. Similar to the GWS construction for point contacts
in [1] and for soft-finger contacts in [16], we first linearly
approximate a fitted limit surface model by sampling it.
The sampling strategies for the ellipsoidal and the quartic
polynomial model are introduced in the following.
A. Sampling the limit surface models
1) Sampling the ellipsoidal model: We use a naive ap-
proach to sample the six-dimensional ellipsoid. The sampled
points are guaranteed to be on the surface, however may not
be evenly sampled. Given the fitted model A of the ellipsoid,
the m-th semi-axis of the ellipsoid rm can be computed, since
the eigenvalues of A are r−2m , with m = 1, . . . , 6. We generate
N random samples xm×N . Based on the i-th sample xi, the
corresponding sample yi on the surface of the ellipsoid is
computed by:
yi =
1
di
• xi, where di =
√√√√ 6∑
m=1
x2im
r2m
,
where di is the distance of a sample xi to the origin of the
ellipsoid.
2) Sampling the quartic polynomial model: The same strat-
egy for sampling the ellipsoid is not applicable for the quartic
polynomial model since we can not obtain a sample on the
surface based on the distance between a random sample and
the origin. Therefore, we generate N random samples xm×N
and compute the value of f2(xi,A) for the i-th random
sample with Equation (19), where the fitted coefficients are
summarized in A. Finally, the samples on the surface are a
subset of xm×N that are on the isosurface f2(xi,A) = 1.
B. Building the grasp wrench space
After linearly approximating the limit surface model of
each contact, we have N friction wrench samples of the j-th
contact wj =
(
f j
τ j
)
with respect to the friction center Oj . To
compute the wrench Wj of the contact j, we need to consider
the total wrench applied by the grasp, including the wrench
caused by the normal force f⊥j and the friction wrench wj .
The total wrench is computed with respect to the origin of the
grasp wrench space OGWS:
Wj =
(
f⊥j + f j
lj × (f⊥j + f j) + τ j
)
, with
lj = Oj −OGWS.
(23)
The center of mass of the grasped object is often selected as
OGWS.
Ferrari and Charry [1] proposed two ways to build the
grasp wrench space of M contacts. If the contact forces are
independent, the GWS WL∞ is computed by:
WL∞ = ConvexHull(⊕Mj=1{W1, . . . ,Wj , . . . ,WM}),
(24)
where ⊕ is the Minkowski sum operation. If the contact forces
are not independent, the GWS WL1 is computed by:
WL1 = ConvexHull(∪Mj=1{W1, . . . ,Wj , . . . ,WM}). (25)
The stability of a grasp can be inferred by checking if the
external disturbance is inside of the GWS. We select the
WL1 for grasp stability estimation in the experiments due to
its computational efficiency. Furthermore, the volume or the
shortest vector of the GWS with a unit normal force is often
used as a grasp quality metric [16], [24], [25].
VII. DATA ACQUISITION AND PRE-PROCESSING
For a given contact surface, the wrench and twist are
computed based on the instantaneous axis of rotation of a
body and the screw pitch h, as shown in Equation (7). The
combinations of different IARs and h values are sampled
to compute possible friction wrench and twist pairs of a
contact. The sampling strategy of the IARs is described in
the following. The obtained wrench and twist data are pre-
processed by down-sampling and normalization to fit the limit
surface models.
8A. Sampling the instantaneous axes of rotation
An IAR is parametrized as a line with the direction m and
goes through the point ro, as shown in Equation (6). One
intuitive approach to obtain IARs is to sample m and ro
separately and create all combinations of the vectors. However,
this might lead to sampling multiple points along the same
line. We introduce the strategy with a higher computational
efficiency.
We use a spherical coordinate system to describe the unit
vector m:
m =
mxmy
mz
 =
sin θ cosφsin θ sinφ
cos θ
 , with
θ ∈ [0, pi], φ ∈ [0, 2pi].
Since ro is an arbitrary point on the IAR, we can define ro
as the point on the IAR that is closest to the origin O, without
loss of generality. This implies that the IAR is perpendicular
to the vector from the origin O to ro, denoted as dO:
dO •m
!
= 0, where
dO = ro −O.
Given a sample m, if two dimensions d1, d2 of dO are fixed,
then dO and ro can be determined. Therefore, two variables
d1, d2 are sampled to obtain ro. To avoid dividing by zero for
numerical stability, we first define the component of m that
has the largest absolute value mmax:
mmax = max{|mx|, |my|, |mz|}.
ro can then be determined by:
ro =

O +

−(d1•my+d2•mz)
mx
d1
d2
 if mmax = |mx|,
O +
 d1−(d1•mx+d2•mz)my
d2
 else if mmax = |my|,
O +
 d1d2
−(d1•mx+d2•my)
mz
 else if mmax = |mz|.
Finally, different relative velocities can be obtained by sam-
pling five scalar variables θ, φ, d1, d2, h, where the former four
variables are for the IARs.
B. Data pre-processing
The pre-processing for the wrench and twist data to fit the
limit surface models are described in the following.
1) Computation of twist samples: The wrench samples to
fit the LS models are directly computed based on a contact
profile as described in Section IV-B and IV-C. To obtain the
twist samples for fitting, the relative linear velocities can be
computed based on the IAR and the geometry of the contact
surface, as described in Equation (8). The angular velocities of
the relative motion are, however, nontrivial to determine. One
possibility is to fit the models only with the wrench samples.
However, since we want to examine the proposed model for
twists as well, we use approximated relative body twists for
fitting, together with the wrench samples. The direction m
of the IAR is used as the angular velocity for the twist. The
linear velocity vO at the friction center O is then computed
based on the IAR and the pitch h with the Equation (7). The
obtained twist can be considered as noisy sensory data to be
fitted. Finally, the twist t is computed by:
t =
(
vO
m
)
, where
vO = h •m+ (ro −O)×m.
When constructing the grasp wrench space to combine the
contribution of multiple contacts, the origin O is then trans-
formed to OGWS, which is often the center of mass of the
object.
2) Down-sampling the wrench and twist data: To increase
the time efficiency of fitting the limit surface models, we
limit the number of wrench and twist samples to be fitted.
One intuitive way is to limit the number of samples of the
IAR. However, the wrench may not be evenly sampled due to
different geometry of contact surfaces and therefore the fitting
results might be affected. Hence, we densely sample the IARs
to compute possible wrench and twist pairs, which are then
down-sampled for the LS fitting.
We adapt the idea of the voxel grid filter for point clouds
to down-sample the wrenches. The space of the wrenches is
divided into six-dimensional grids. Each grid is represented
with the sample that is closest to the centroid of the wrenches
that lie within the grid. The advantage of such a representation
is that the distribution of the wrench samples is considered
as well. The down-sampled wrenches and their corresponding
twist samples are then used to fit the limit surface models.
3) Normalization of wrench and twist samples: The nor-
malization of the data is essential for numerical stability when
fitting the limit surface models. Zhou et al. [10] suggested
to divide the torques with the body of gyration, such that
the unit of each component of a wrench is N . Howe et al.
[19] normalized the wrench by dividing the force and the
torque with the maximal magnitude of the frictional force
[fxmax , fymax , fzmax ]
T and torque [τxmax , τymax , τzmax ]
T among all
samples, respectively. Similarly, we normalize the i-th wrench
and twist samples wi, ti by:
wˆi =

fxi/fxmax
fyi/fymax
fzi/fzmax
τxi/τxmax
τyi/τymax
τzi/τzmax

, tˆi =

fxmax
fymax
fzmax
τxmax
τymax
τzmax

• ti,
such that wi and ti still remains perpendicular.
VIII. EXPERIMENTS AND RESULTS
The proposed friction computation and the limit surface
models are evaluated with the contact profiles obtained by
9(a) S1: cylinder. (b) S2: elliptic cylinder. (c) S3: sphere. (d) S4: ellipsoid. (e) S5: paraboloid. (f) S6: elliptic paraboloid.
Figure 4. Six parametric surfaces used for the experiments, including friction wrench computation, analysis of discretization effect, and fitting the limit surface
models.
Table I
PARAMETRIC FORM OF THE SURFACES FOR THE EXPERIMENTS.
ID Type Parametric form Range/value
S1 cylinder (cosu, sinu, v) u ∈ [0, pi]
v ∈ [0, 1]
S2 ellipticcylinder (a cosu, b sinu, v)
u ∈ [0, pi]
v ∈ [0, 1]
a = 1, b = 1
2
S3 sphere (cosu cos v, cosu sin v,
sinu)
u ∈ [− 1
2
pi, 1
2
pi]
v ∈ [0, pi]
S4 ellipsoid (a cosu cos v, b cosu sin v,
c sinu)
u ∈ [− 1
2
pi, 1
2
pi]
v ∈ [0, pi]
a = 1, b = 1
2
,
c = 3
5
S5 paraboloid (cosuv, sinuv, v2) u ∈ [0, pi]
v ∈ [0, 1]
S6 ellipticparaboloid (a cosuv, b sinuv, v
2)
u ∈ [0, pi]
v ∈ [0, 1]
a = 1, b = 1
2
synthetic parametric surfaces, FEM simulations and robotic
experiments.
A. Friction results of parametric surfaces
We compute the possible wrenches and twists with six para-
metric surfaces S1, . . . , S6. Table I summaries the parametric
form for each surface, while Fig. 4 shows the geometry. Two
pressure distributions are used for the friction computation:
a uniform and a quadratic pressure distribution, pU (r) and
pH(r), where pH(r) approximates the Hertzian model [28]:
pU (r) = p0U ,
pH(r) = p0H
√
1−
(
r
rmax
)2
,
where rmax is the maximal distance of a point on the surface
to the contact center. p0U and p0H are the scaling parameters,
such that the magnitude of the integrated normal force is 1 for
each parametric surface. For S3 - S6, the contact center is
the geometric center of the surface. For the cylinder and the
elliptic cylinder, the contact center is a line that is parallel to
the z-axis and goes through the geometric center. Since the
pressure value along the z-axis does not vary, when e.g. a soft
finger is grasping a rigid cylinder.
Table II shows the maximal friction in each dimension
for the six surfaces with the two pressure distributions. The
Table II
THE MAXIMAL FRICTION IN EACH DIMENSION FOR THE SIX PARAMETRIC
SURFACES WITH A UNIFORM (U) AND A HERTZIAN (H) PRESSURE
DISTRIBUTION.
P ID fx fy fz τx τy τz
U
S1 0.6366 0.6366 1.0000 0.3405 0.6893 0.5947
S2 0.8257 0.4129 1.0000 0.1764 0.6429 0.3572
S3 0.7854 0.7854 0.7854 0.5399 0.7854 0.5399
S4 0.9074 0.6689 0.7617 0.2881 0.5822 0.3862
S5 0.8100 0.8100 0.7858 0.2619 0.4613 0.4928
S6 0.8864 0.5905 0.8833 0.1636 0.4741 0.3296
H
S1 0.6600 0.6154 1.0000 0.3296 0.6716 0.5643
S2 0.8399 0.3935 1.0000 0.1689 0.6271 0.3344
S3 0.7918 0.7735 0.7918 0.5294 0.7735 0.5294
S4 0.9130 0.6607 0.7626 0.2864 0.5737 0.3753
S5 0.8168 0.8056 0.7840 0.2565 0.4530 0.4816
S6 0.8915 0.5832 0.8838 0.1595 0.4666 0.3196
coefficient of friction is set to be 1 to better compare the
friction of different geometries. For S1 and S2, the maximal
fz is 1 since there is no curvature along the z-axis. If the
friction wrenches of the six surfaces are computed under
the assumption of a planar contact area in the xz-plane, the
maximum of fx and fz will be 1 for all surfaces, while fy ,
τx, and τz will be 0. By comparing the values to Table II, the
necessity of the 6D friction model can be observed. Similar
to planar contacts, the maximal torque computed with the
Hertzian pressure distribution is smaller than with the uniform
distribution.
1) Effect of the surface discretization: The parametric form
of the surface is not always available, e.g. the surface obtained
by the FEM simulation. Here, we analyze the difference of
the friction wrench between the parametric surfaces and their
discretization. The six surfaces are meshed with triangular
elements, where the side length of each element ranges from
0.01 to 0.6. For each discretized surface, we compute the
maximal friction in each dimension and compare them with the
values in Table II. Fig. 6 shows the mean error of the maximal
friction with the two pressure distributions and the error of
the surface area. When the side length is 0.3, the wrench
error is below 4%, which is acceptable in most applications.
Its average run time is 0.0013 seconds to compute a single
wrench, while 2.6244 seconds required to integrate a wrench.
The run time is measured with an Intel Core i7-8700K CPU
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Figure 5. Wrench/twist error and the run time of fitting the quartic polynomial and the ellipsoidal limit surface model with different number of fitting samples.
We fit the wrench and twist samples obtained from the six parametric surfaces with both uniform and Hertzian pressure distributions. The quartic polynomial
model fits better when there are over 50 samples. The appropriate LS model for a specific application can be selected based on the number of available fitting
samples and the run time requirements.
0.6 0.5 0.4  0.3 0.2 0.1 0.03 0.01
Size of elements
0
0.02
0.04
0.06
0.08
0.1
0.12
0.14
0.16
0.18
Er
ro
r c
om
pr
ar
ed
 to
 p
ar
am
et
ric
 s
ur
fa
ce
s
Wrench error (Uniform pressure)
Wrench error (Hertzian pressure)
Error of surface area
Figure 6. Comparison between parametric surfaces and discretized surfaces
with different sizes of elements.
(3.7 GHz) with a MATLAB implementation without parallel
computing or GPU acceleration.
2) Fitting the limit surface models: We examine the fit-
ting results of the ellipsoidal and quartic polynomial limit
surface models with the same parametric surfaces and pressure
distributions. We densely sample the instantaneous axes of
rotation for each contact and obtain around 40000 wrench
and twist pairs, which are then evenly down-sampled to fit
the two models. The weight for the wrench and twist error are
selected with w1 = 10, w2 = 1, as the twist samples are not
the relative motion and considered as noisy fitting samples,
as described in Section VII-B1. Fig. 5(a) and (b) show the
mean fitting wrench and twist error with a different number
of fitting samples, where the error is computed with all 40000
wrench/twist pairs. Fig. 5(c) illustrates the corresponding run
time for fitting each LS model. Fitting a quartic polynomial is
in general slower since it has 126 variables to be fitted while
the ellipsoidal model has 21. We can observe that the fitting
(a) A cross-section of the quartic polynomial model.
(b) A cross-section of the ellipsoidal model.
Figure 7. An example 3D cross-section of the two fitted 6D limit surface
models. The wrench and twist data are computed from the ellipsoid-shaped
parametric surface with a uniform pressure distribution. The quartic poly-
nomial model shows a better fitting result than the ellipsoidal ones. Two
observations for (a): 1) the wrench samples (orange dots) are mainly on the
surface, 2) the angles between the fitted twist (green arrows) and the predicted
twists (purple arrows) are relatively small.
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(a) Generation of a base and a spine
curve. Figure recreated from [35].
(b) Surface generation and the grasp
locations.
Figure 8. Parametric generation of the thin-walled objects dataset. (a) The
shape of the objects is determined with an elliptic-shaped base and a spline,
which consists of convex/concave curve sections. (b) Ellipses are created at
each sampled height E1,...,n along the spline curve. Asymmetric objects are
created by shifting the center of each ellipse. The NURBS-based surfaces are
ruled by adjacent ellipses. The square/circles illustrate the grasp locations of
a parallel gripper used in the simulation.
error of the quartic polynomial model rapidly decreases with
a higher number of samples. When there are more than 50
samples for the fitting, the quartic polynomial model yields
lower error for both wrench and twist data. The appropriate
LS model and the number of fitting samples can be selected
based on the trade-off between the fitting error and the run
time required by the specific application.
Fig. 7 shows an exemplary 3D cross-section of the fitted
6D quartic polynomial and ellipsoidal limit surface, where
the other three components are 0. The wrench and twist data
are computed from the contact surface S4 (ellipsoid) with a
uniform distribution and down-sampled to 300 pairs for fitting.
Each wrench is indicated as an orange dot, while its corre-
sponding twist and predicted twist (surface normal at each
wrench) are shown as green and purple arrows, respectively.
It is visually noticeable that the quartic polynomial model is a
better fit than the ellipsoidal model, since most wrenches are
on the surface of the quartic model, and the angle differences
between the fitted and the predicted twists are smaller.
B. Results of FEM
Next, we evaluate the limit surface models with larger
varieties of surfaces and pressure distributions. The contact
profiles are obtained from the FEM simulation between de-
formable objects and a parallel gripper, which is mounted with
two types of soft finger. The objects are generated based on the
synthetic dataset of thin-walled deformable objects from our
previous work [36]. We use the commercial FEM simulation
software ANSYS ®, which provides a high-quality meshing
tool and the shell element type that is suitable for thin-walled
objects, such as plastic bottles.
We select the non-uniform rational B-Spline (NURBS) to
describe the objects and the fingers, such that smooth surfaces
can be provided. The objects are then meshed according to
the quality preference. Here, we briefly describe the model
Table III
FITTING RESULTS OF FRICTION WRENCHES AND BODY TWISTS
COMPUTED FROM 2473 CONTACT PROFILES SIMULATED WITH THE FINITE
ELEMENT METHOD.
Contact Type Results
Fitting error
Quartic poly. model Ellipsoidal model
wrench
(%)
twist
(degree)
wrench
(%)
twist
(degree)
Contacts with
elliptical Fingers
mean 2.09 19.95 3.02 21.77
std 2.20 6.03 0.01 5.53
Contacts with
beam Fingers
mean 1.58 15.66 2.45 18.77
std 0.54 6.51 0.98 6.13
All contacts mean 1.81 17.61 2.71 20.14
std 1.56 6.64 1.26 6.05
generation from our previous work [36] and the smooth surface
generation in this work. The shape of the objects in the dataset
is generated based on real-life objects. The geometry of each
object is created with an elliptic-shaped base and a spline curve
for the wall, as shown in Fig. 8(a). The spline curve consists
of four cubic sections with variable height and convexity
(defined by the parameters p1...8), and a neck (defined by
p9,10). p11 controls the convexity of the tapering below the
neck. The center of the object can be shifted with p12 to create
asymmetric objects. The spline sections are then combined
into a single curve, which is sampled with same distance in
the vertical direction. For a smooth surface generation, ellipses
are first created at each sample, which are visualized as E1,...,n
in Fig. 8(b). The surface of the object is then ruled by adjacent
ellipses. Numerous objects with different geometry can be
efficiently created by various combinations of the parameters.
We use 24 objects for the simulation, as shown in Fig.
9, where object 17-24 are asymmetric. Fig. 10 depicts the
two types of finger for the simulation, which are widely used
in robotic applications. The grasp locations are illustrated
in Fig. 8(b) with square and circle pairs for two approach
directions. Fig. 10(a) and (b) show the beam-shaped finger
before and after applying the pressure load. Such finger
is selected to mimic the contact of the deformable plastic
fingers, e.g. the Festo Fin-Ray® finger [37]. Fig.10(c) and (d)
illustrate the simulation with ellipsoidal fingers, which mimic
biologically inspired fingers such as the SynTouch BioTech®
[38]. For each grasp location, five forces with the magnitudes
2N, 5N, 7N, 10N, 13N are applied perpendicular to the fingers
by adding the pressure load. We obtained in total 2473 contacts
from the simulation. For each contact, we compute the possible
wrenches and twists and down-sample to 150 pairs for the limit
surface fitting. The mean and standard deviation (std) of the
fitting error of that both LS models are shown in Table III. The
quartic polynomial model yields a lower fitting error for both
wrench and twist data than the ellipsoidal ones. Similar fitting
results for the ellipsoidal-shaped and beam-shaped fingers can
be observed, which implies both LS models are well suited
for different contact profiles.
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(a) object 1. (b) object 2. (c) object 3. (d) object 4. (e) object 5. (f) object 6. (g) object 7. (h) object 8.
(i) object 9. (j) object 10. (k) object 11. (l) object 12. (m) object 13. (n) object 14. (o) object 15. (p) object 16.
(q) object 17. (r) object 18. (s) object 19. (t) object 20. (u) object 21. (v) object 22. (w) object 23. (x) object 24.
Figure 9. 24 Non-uniform rational B-Spline (NURBS)-based objects used for the FEM simulation. Each object is created with several elliptical-shaped rings.
Objects 17-24 are asymmetric objects.
(a) Meshed object and beam-shaped
fingers.
(b) Simulation results. (c) Meshed object and ellipsoidal-
shaped fingers.
(d) Simulation results.
Figure 10. Object 18 grasped with beam-shaped and ellipsoidal-shaped fingers. (a) and (c) show the meshed object and fingers before the simulation, while
(b) and (d) illustrate the deformed fingers and the pressure distribution of the contacts.
C. Robotic experiments
Finally, we evaluate the friction computation and the limit
surface models with robotic experiments.
The friction computation requires the contact information
including a surface geometry S, a pressure distribution P(S),
and a coefficient of friction µ. The value µ = 0.333 is
experimentally measured and is assumed to be a constant for
all contacts. The S and P(S) can be obtained from, e.g.,
deformable tactile sensors, such as the GelSlim [39] or the
SynTouch BioTac® sensor [38]. Such sensors are, however,
not accessible for this work. Therefore, we 3D print objects
with different shapes for the experiment, such that the contact
surfaces can be estimated based on the geometry of the object.
The P(S) is obtained through force sensors by assuming a
uniform or a Hertzian pressure distribution.
The experiment is formulated as a grasp stability assessment
problem. An object is grasped with a parallel gripper, which is
mounted with deformable fingers. Given the profile of a planar
or curved contact, we predict whether a known disturbance
can be balanced with the grasp. The robotic setup for the
experiments is shown in Fig. 11(a). An elliptic cylinder is
grasped with our deformable plastic fingers, where the design
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(b) Horizontal grasp direction. Disturbances in the (fz , τx, τy)-space.
Figure 11. Overview of the experimental setup that evaluates the six-
dimensional friction models. Objects are grasped with our deformable fingers
to create different contact surfaces. The setup attached below the object
generates various force and torque pairs as disturbances. With the two grasp
directions, all six-dimensional wrench disturbances in the object frame (blue
arrows) can be created and evaluated.
is adapted from the Festo Fin-Ray® finger [37]. Our fingers
use a softer material, such that the deformed shape better
adapts to the object geometry for more stable grasps.
Fig. 11 illustrates a 3D printed setup attached below the
grasped object, which is used to create different force and
torque pairs by mounting weight plates at various locations. A
bottom view of the setup is depicted in Fig. 12 with exemplary
locations of the weight plates. With such a design, large
torques can be created due to the long torque arms. In addition,
the center of mass and the wrench attached to the object
can be efficiently computed. The uncertainties of the wrench
disturbances can, therefore, be reduced compared to grasping
real-life objects for the experiment. The wrenches created with
Weight Plates
Figure 12. Bottom view of a 3D printed setup for creating wrench distur-
bances. By mounting weight plates at different locations, various force/torque
combinations can be created and computed efficiently.
1)
2) 3)
(a) Ten grasped objects for three different contact surfaces.
(b) Type 1. (c) Type 2. (d) Type 3.
Figure 13. (a) Ten objects used for the experiment, which create three different
types of contact surface. (b) Elliptic cylinder. (c) Four discrete lines that form
planar and curved surface contacts. (d) Two discrete lines. Objects of type
2 and 3 are occasionally caged with a large squeeze force due to the high
contact pressure.
the setup are three-dimensional in the world coordinate. In
order to evaluate the friction models for the contact in all six
dimensions, we use two approach directions for the grasps,
as depicted in Fig. 11. The coordinate of the object frame is
illustrated with blue arrows. With the vertical grasp direction,
the disturbances in the (fy, τx, τz)-space of the object frame
can be evaluated, while disturbances in the (fz, τx, τy)-space
are created with the horizontal grasp direction.
The grasped objects used in the experiment are illustrated in
Fig. 13, where three types of contact surfaces can be created.
The first type of objects is elliptic cylinder-shaped, where
the horizontal radius r2 of the objects are identical. Different
curvatures of the surface are obtained by varying the vertical
radius r1 of the objects. The contact surface S is determined
by first measuring the length l, as shown in Fig. 13(b), and
then computing S based on the r1, r2, and l. The contact is
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Table IV
PREDICTION RESULTS WITH THE ELLIPSOIDAL AND QUARTIC POLYNOMIAL LIMIT SURFACE MODELS WITH A UNIFORM AND A HERTZIAN PRESSURE
DISTRIBUTION.
Type of samples Type of objects
Prediction accuracy with initial normal forces (%) Prediction accuracy with updated normal forces (%)
Quartic LS model Elliptic LS model Quartic LS model Elliptic LS model
Uniform Hertzian Uniform Hertzian Uniform Hertzian Uniform Hertzian
All
samples
1 82.0 79.0 88.0 89.0 87.0 86.0 90.0 91.0
2 80.0 80.0 76.7 78.3 75.0 75.0 75.0 75.0
3 67.5 67.5 67.5 67.5 70.0 70.0 65.0 65.0
All 78.5 77.0 80.5 81.5 80.0 79.5 80.5 81.0
Samples with absolute
ground truth labels
1 81.1 78.4 90.5 91.9 93.2 89.2 97.3 98.6
2 86.5 86.5 83.8 83.8 89.2 89.2 89.2 89.2
3 75.0 75.0 75.0 75.0 87.5 87.5 79.2 79.2
All 81.5 80.0 85.9 86.7 91.1 88.9 91.9 92.6
(a) Wrenches of horizontal grasps. (b) Wrenches of vertical grasps.
Figure 14. Wrench disturbances used in the experiment for horizontal and
vertical grasps. We select different locations to place the weight plates, such
that the disturbances are well distributed.
assumed to be symmetric about r2. The second type of object
creates two or four discrete lines that form planar or curved
contact surfaces, which depends on the magnitude of the grasp
force. The last type of object is a simple cube, where two lines
occur for each contact.
The computation process can be described as follows: The
weight plates are first attached to an object to be grasped.
This is defined as an object system in the remainder. We
compute the center of mass (COM) of the object system and
the total wrench disturbance with respect to the COM. Next,
we estimate the geometry of each contact surface based on the
type, the size of the object, and the measured contact length.
Combined with a uniform or a Hertzian pressure distribution,
we compute the possible 6D friction wrenches of each contact
by sampling the instantaneous axes of rotation. Each limit
surface model is then fitted to the friction wrenches and
sampled to construct the grasp wrench space WL1 with respect
to the COM, such that the total disturbance that the grasp
can resist is computed. Finally, the stability is estimated by
determining if the external disturbance lies inside of the GWS.
For data collection, the object system is lifted with a min-
imum velocity, such that the acceleration does not affect the
prediction results. This is repeated with three different grasp
forces and two approach directions. The wrench disturbances
of the object systems that are tested in the experiments are
shown in Fig. 14. A scatted distribution can be observed in the
figure, which indicates that different force/torque combinations
are evaluated in the experiments. The grasp is considered
unsuccessful, when a slight relative motion between the object
and the finger occurs. To label the stability of the grasps, we
attach two AR markers on the object, such that the motion can
be captured by the camera. The relative motion of the object
is observed and documented from a human operator as well,
which provides a second success label. We collected 20 grasps
for each object. There are in total of 200 samples, where half
of the grasps are labeled successful by the human operator.
We compare the success labels obtained from the markers
and the human observations, where only 66.5% of the success
labels coincide. The first reason is that the camera is only
sensitive to the object motion that is normal to the viewing
direction of the camera. Additionally, when the finger deforms
while lifting the object, a movement of the markers is de-
tected, although there might be no relative motion between
the object and the finger. One possible solution is to attach
multiple cameras for different viewing directions and track
the finger motion as well. However, since vision-based motion
detection is not our primary goal, we use (vision-assisted)
human observations as ground truth labels. The prediction
results of all collected samples are first compared with the
labels obtained from human observations. Secondly, partial
samples are evaluated, where the success labels of both sources
are identical. Such samples are considered labeled with an
absolute ground truth, where the uncertainties from human
observations are reduced. Typically for these samples, either
no motions or large ones are detected from both sources.
The prediction results are summarized in Table IV. The sta-
bility of each grasp is predicted with 1) the initial grasp force
prior to the manipulation action (typical for planning), and 2)
the updated grasp forces while lifting the object (typical for
slip detection). We evaluate both limit surface models with the
uniform and the Hertzian pressure distribution assumptions.
Table IV shows that the elliptic limit surface model with the
Hertzian pressure distribution reaches up to 92.6% prediction
accuracy, which outperforms the quartic polynomial model.
The main reason is that our sampling strategy for the quartic
polynomial model is sub-optimal, as the extrema of the model
cannot always be found, which leads to false negatives. It is
noticeable that the prediction accuracy of the object type 1
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reaches up to 98.6%, which is significantly better than type
2 and 3. This is mainly because the cube-shaped objects are
frequently caged by the fingers due to the small contact area
and high contact pressure, when the grasp force is relatively
large. The friction is no longer the dominant factor for the
grasp stability in such cases. Finally, the prediction accuracy
with updated normal force is not necessarily higher than with
the initial grasp force, as the geometry of the contact surface
is not updated.
IX. CONCLUSION
In this work, we derived the friction computation for non-
planar surface contacts. We further generalized the ellipsoidal
and quartic polynomial limit surface models from three to
six dimensions. The two models were first evaluated with the
wrench and twist samples that are computed from parametric
surfaces. Results suggest that the quartic polynomial model
yields a lower fitting error when there are more than 50 fitting
samples. Secondly, over 2000 contacts are obtained from
simulations using the finite element method. The mean fitting
error of wrenches are 2.71% and 1.81% for the ellipsoidal
and the quartic polynomial model, respectively. The low fitting
error indicates that both models well describe large variety of
contacts.
To analyze multi-fingered grasps, the two limit surface
models were sampled and merged into a grasp wrench space
(GWS) together with the normal wrench, which was then
applied for grasp stability prediction. Robotic experiments
suggest that up to 92.6% prediction accuracy can be achieved
with the proposed contact model.
For future work, we plan to further enhanced the accuracy
by a more sophisticated sampling strategy for the limit surface
models. In addition, we want to evaluate both models with
more contacts by means of deformable tactile sensors that
provide a non-planar contact surface and a pressure distribu-
tion. Grasp success can then be assessed with updated contact
profiles for grasp adaptations. Finally, we intend to apply the
GWS to design a novel grasp quality metric for soft fingers
and to model the friction-motion constraints for stable pushing
based on the generalized limit surface model.
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